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The time-independent perturbation theory is developed for an arbitrary operator H(#)= ¥ * A%,

k=0
which can be expanded in powers of the perturbation parameter 4. A unified formulation allows the
establishment of a formal interrelation between the methods of Rayleigh-Schrédinger and of Bril-
louin-Wigner. We introduce a nonunitary transformation operator to connect the nth eigenket of
HA(0) with the nth eigenket of H(4), and it is proven that this operator satisfies a Lippmann-
Schwinger type equation. A perturbation method based on this equation is proposed, and it is
applied to describe an electron moving in a Yukawa potential.

1. Introduction

The standard time-independent perturbation the-
ory is usually based on the following assumptions
[1-4]: (i) The Hamiltonian H (/) is divided into a single
unperturbed part A® and a first-order perturbation
operator AH™; (ii) A® and AV are Hermitian opera-
tors; (iii) The perturbation parameter 4 is a small and
real number.

In the present paper we fix our attention on an
arbitrary operator H (/) which depends of a parameter
/ and may be expanded into a power-series of . with
contributions of any order,

H) = § AA® = A 4 D)), (1)
k=0
where
PU):i= 3 AW, )
k=1

For the moments, A (%) and H® (k>0) may be non-
hermitian operators, and 4 may be a complex number.

The object of the present work is to present a uni-
fied treatment of time-independent perturbation the-
ory and therefore to establish the formal interrela-
tion existing between the methods of Rayleigh-
Schrédinger [1], of Brillouin-Wigner [5] and of canon-
ical transformations [3]. The core of the derivation is
to allow perturbations of any order in the Rayleigh-
Schrédinger theory. This permits a suitable generali-
zation of the Rayleigh-Schrodinger formulae (Sect. 2,
3,4) and their reorganization (Sect. 5, 6) in terms of
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the arbitrary full perturbation ¥(4). It is also our pur-
pose to unify the degenerate and nondegenerate cases
in a common formal derivation of the time-indepen-
dent perturbation theory. This is achieved by intro-
ducing a suitable projection operator B, associated
with the degenerate eigenvalue E of the un-
perturbed operator H®.

2. Fundamental Assumptions

The aim of the time-independent perturbation the-
ory is to solve the eigenvalue equation

HA)|Y,(A)> = E,()¥,(2)> ©)

associated with an arbitrary operator H (4). To accom-
plish this, we start with the basic assumption of the
Rayleigh-Schrédinger theory, according to which the
operator H (%), the eigenket |, (4)) and the eigenvalue
E, (%) may be expanded in power series in the pertur-
bation parameter A:

Ap)= éo JEA® @)
E)= % HED, ®)
Wa(> = £ #1080 ©

In general, as H (/) is known, the kth-order perturba-
tion of the Hamiltonian is given by

qw._ 1 ﬁ(/i)jl
8

(7)
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The entities H®, E* and |y'?) describe respectively
the Hamiltonian, the energy and the eigenstate of the
unperturbed system (4=0). In our notation the sub-
script labels the state of the system, while the super-
script refers to the order of the perturbation.

2.1 Normalization Condition

We require that the unperturbed eigenket be nor-
malized to unity, Y@ |y{?> =1, and that the exact
eigenket |{,(4))> be normalized according to the so-
called intermediate normalization convention [6],

1= YA - )

These conditions imply that the perturbed compo-
nents of the eigenkets must be orthogonal to the orig-
inal one, [/'9>:

1 form=0
0 form>1"

WO = { o)
Let us suppose that the unperturbed Hamiltonian A
has a g-fold degenerate set of eigenkets {|y2),
r=1,2,...,g}, with common energy E”. Then, the un-
perturbed eigenket |”» can be taken as a linear
combination of the g-fold-degenerate -eigenkets,
namely:

> = Z a, >, URIYRD =g, (10)

where the coefficients are arbitrary — except by the
normalization condition (9) — complex numbers. The
g eigenkets are generally not orthogonal, but they can
always be transformed to an orthonormal set by a
unitary transformation, as we have assumed in the last
equation (10).
Now, we want to introduce a projection operator

=1- Wl (11a)
which acts on an arbitrary ket and projects it onto the
orthogonal complement of the subspace constructed
with the eigenkets |/,

e o)

|,(2)) := B |y, (2) = Z

A0 (11b)

In terms of the projection operator P, we are able to
realize the decomposition

a2 = W2 + By, (4)). (12)
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2.2 Successive Approximations

Substituting (4), (5), and (6) in the eigenvalue equa-
tion (3), we obtain the expression

EP) X XYy =0.
1=0

A

k=0

(13)

We can rearrange this twofold sum by using the
change of indices m=k+[, by assuming that the sum
converges regardless of the order in which it is per-
formed, and by collecting the coefficient of each power
of 4 (see Appendix A):

i[v]s

Y (AY—EP)Yy =0. (14)
k=0

0
We require now that the coefficient of each power of
/ in this equation be individually zero, so that

T (A —E)|yir > =0,
k=0

for m=0,1,2,3,... (15)

In practice, we have to restrict the calculations to the
Mth order, i.e. we only take a finite set of equations,
m=0,1,2,3,..., M. The correction |y includes all
the corrections of lower order, so that the equations
must be solved stepwise, starting with the unperturbed
case (m=0):

lim A(4) = A = A(0),

A—0

lim E, () = E® = E, (0),

A=0

llm V() = 1Y) = [¥,(00),
(A0 EO) Y =0. (16)

From a formal point of view, it is very easy to express
[ in terms of the resolvent

% A 1

6O@):=E-A) " = —, (17)
which is an operator that satisfies the identity

z—H?)G9(2) = GO%)(z—AY) =1 (18)

For later convenience we introduce the notation
G =GNED 418
n . n ’
G, :=GO(E, (W) +ie),

(19)
(20)

where the subscript n refers to the nth eigenstate, and
we assume that ¢ is a very small, real and positive
quantity.
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If we separate in (15) the term k=0, we get an exact
equation for Y™,

Yy = GO 3 (AD—E)|ym0y, for m>1.
k=1

Using the identity [y/™> =P |y™>, valid for m>1, we
get

[y = Z Gl | ym=0% . form>1, (21)
where we have introduced the notation
G¥:= GOAP_EY), for k>1. (22)

The introduction of the projector P, in (21) is a basic
step in the present paper. This operator will play an
essential role in the perturbation treatment discussed
below. On one hand it will guarantee the fulfillment of
the orthogonality relations (9), throughout formal
manipulations associated with a reorganization of the
Rayleigh-Schrédinger expansions. On the other hand
it will allow a unified treatment of the degenerate and
nondegenerate cases of the time-independent pertur-
bation theory.

3. Corrections to the Eigenvalues

To determine {E\”,E(" E?), ...} we first take the
scalar product of expression (3) with the bra {y{”| and
may thus write the eigenvalue E, (/) as

E,(})= <w‘°>|ﬁu )Ya(4))
z am <'/,(0)]H(rn)|¢(0)>

+2 X4

k=0 m=0

(23)
mHELAY By,

where the last line followed from using expansions (4)
and (6). In particular, for the case of the unperturbed

energy (4A=0), one has
EP = YA Y. 24

We now change the order of the double sum (see Ap-
pendix A), and by comparison with (5) we see that the
corrections of the unperturbed energy are given by

E = QU1 A™ |y
+ T UOIAR R P).
k=0
The term k=m>0 does not contribute to the sum

because B| > =0. For m>1, the addend k=0 van-
ishes, even if H® is a nonhermitian operator. To prove
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this we write the eigenvalue equation of H® and its
adjoint

AP = EP 1),

YONA) = (EL)* Y. 25
Now, by definition [7], the adjoint A* of an operator
A is defined by the relation (A% g|f) = (g|Af),
which is valid for all kets |f) and |g). In the present
case, it is recognized that for m>1

WPIAO Y = GOIAOYDY  (26)
= O YOI = EL) PP =0,

where the last equality follows from the orthogonality
relation (9).

In conclusion, the mth-order correction of the en-
ergy is determined by the relation
EM =3 WPIAY B Yy form=1. (27)

k=1

At this point, let us note that this relation only in-
cludes the first m operators H® (1 <k <m) instead of
the full Hamiltonian H (). Also note that only the kets

of order lower or equal to (m—1) take part in the
equation. To obtain (27) we have also used the identity

P 1 for k=0
"=

. 28
for k>1 (28)
4. Rayleigh-Schrodinger Perturbation Theory
In the Rayleigh-Schrodinger (RS) method it is as-
sumed that H® represents an observable and that the
complete set of unperturbed eigenkets (H®—E(”)
[¥$”=0 is known. Completeness is then given by the
resolution of the identity operator
=3 1y ), (29)
J
where the above expression includes a sum over the
discrete spectrum plus an integral over the continuum
of H®,
Substitution of (29) into (21) yields for the mth-cor-
rection to the eigenket

cp

n >

lymy = Z W ——=o form>1, (30)

EO© _E©O
E,”—Ej

where the projector P, was responsible for omitting the
state (or states) with energy E”). The coefficients of the
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above expansion are given by

Ci= T P Y. (31)
k=1

Writing explicitly the contribution of k=m in the
above expression and using (30) allows us to express
(31) as a recursion relation:

m—1

1
EQ kgl

E(O)
PR b, (32)

where by convention the sum is identically zero if the
upper limit is smaller than the lower one.

Similarly, the mth correction to the eigenvalue is
obtained by writing explicitly the contribution of
k=m in sum (27) — using the identity | =B |y™>
for m>1 —and by substituting (30) into (27). Hence we
obtain the relation

C(m) — <$(0)|H("')|lﬁ(0)> + Z

E(vn) <l/l(0)|H(m)|l//(0)>+ Z <w(0)|H(k) Pm k]l//(m k)>
1 m—1
=WPIAMWD + Tt 2,
PR Y,
B = g0, (33)

There are no differences between the perturbation the-
ory developed above and the conventional RS theory,
except for the fact that some restrictions have been
removed: H™ may be nonhermitian operators, per-
turbations H™ of the second order and higher have
been taken into account, and limitation to the nonde-
generate case has been dismissed. This method can
also be related to other time-independent methods in
a natural way, as will be done in the next sections.

5. Nonunitary Transformation Operator

Let us return to (21) and define an operator U™.
When this operator acts on an unperturbed eigenstate
[y, the result is the mth correction, according to
the relation

|y = Oy, (34a)
with

0o = I

om = Z GH UMb for m>1 (34b)
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In agreement with the orthonormality relations (9),
these operators satisfy

1 form=0
. (35)

©)| My, — ¢ O Tm) | @)y —
WY = U 1O 1 {0 for m= 1
We can now use (6) to define an operator 17,,().) that
will transform the nth unperturbed eigenstate (4 =0)

into the nth perturbed eigenstate of H (A):

W, (A)> =T,y (36a)
where
O.)= 3 imOm. (36b)

m=0

Let us indicate that, if operator U,(4) were known,
then the operators U™ could be determined by the
relations

om_ L G0
" m‘ orm l=0'

(37

The operator U,(4) — associated with the nth eigen-
state — appears in a similar context as the one that
Davidov described in his canonical transformation
method [3]. In our case though, U,(4) cannot be as-
sumed to be a unitary operator, since the properties of
U,(4) are fixed by the definitions (34) and (36). Any
further conditions imposed on U,(4) must be proved
to be in accordance with those basic relations. The
procedure developed in the present paper will be re-
ferred from now on as the method of the transformation
operator U, (2).

5.1 Lippmann-Schwinger Equation
for the Perturbed Eigenstate

Let us now demonstrate that the operator U,(4)
satisfies an equation of the Lippmann-Schwinger type
[8], which will allow us to establish the connection
with the Brillouin-Wigner perturbation procedure [5].

By substitution of (34) in (36) we find that the oper-
ator U, (/) can be written as

O)=1+ Grgm-h, (38)

O
snMa
nMs

1 k=1

By changing the order of the sums (Appendix A), we
find
O,0)=1+

PGCOW.()U,(), (39)

where we have used definition (22) for G%' and have
introduced a relative perturbation
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W,(2):= T MHY—EP)= V(1) —(E,()—ED)
k=1
=(EY—H9) —(E,()-H(®#). (40)
Here P (4) is the perturbation operator defined by (2).
By combining (36 a) and (39), we find that the solution
of the eigenvalue equation satisfies the relation

Wa (D)) =Y + BGCOW, ()Y, (D)), (41)

which is an equation of the Lippmann-Schwinger
type, as it is known from quantum collision theory [8].
The above equation is — as far as we are informed — a
new result in the context of time-independent pertur-
bation theory.
Equations (39) and (41) are solved by iteration, ob-
taining
[« o]
0AW=1+ T BGOW,0),

r=1

@)
a0 = 12> + £ BG4, (43)

where the subscript n labels the nth eigenstate. Note
that by substitution of (43) in (23) an implicit equation
E,(%) = F(E, (%)) is obtained, which has the eigenvalue
E,(4) as solution

5.2 Consistency of the Results

At this point it is valuable to verify the consistency
of the results. In first place, we note that by substitu-
tion of the last part of the equality (40) in (41) and by
using the identity (18) and eigenvalue equation (3) we
obtain |y, (4)) =¥ > + B |y, (4)), which is in agree-
ment with (12), as it should be.

We are able to prove that (43) is consistent with the
starting equations (3) and (16) by applying the opera-
tor (E?—H© +i¢) to both sides of (41):

(EQ—AO+ie) |y, (2> =(ED—H +ie) |y)

+(EQ—AO+ig) BCOW, D, (y.  (44)
The first term of the right-side vanishes. By using the
last equality of (40) to replace W, (%), the unperturbed
equation (H®—E©)|y@»=0 is obtained. Finally,
eigenvalue equation (3) for the full Hamiltonian can be
reconstructed by using the identity

(EQ—A©)P = EO _ AO (45)

and relation (18).
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6. Brillouin-Wigner Perturbation Theory

We will now demonstrate that the Brillouin-Wigner
method (BW) emerges as a particular case of (41). To
see how the BW procedure appears in the theory, let
us restrict our considerations to a Hermitian operator
HA©. In this case, H® and the projector P, commute,
and the following identity is valid:

(EQ—H® +ie)B,=B(EQ—HA +ig),
A© Hermitian. (46)
By using this identity and (40), the relationship (44)
can be rewritten as
[E.() — H() + ie + (1 —B) W, (D] 1. (2)
=[E,() — H() +ie + A-B)W,@I¥">

+ B W, (). (47)
Taking into account (47), and the identity
E,A)—HAWX) +ie+(A-B)W,(%)
=(E,()—H® +ie)b—BV(), (49

we see that (47) implies the following equation for the
perturbed eigenstate:

[ (A)) = 1Y + G, (A BWA), (AP, (49)

where G, (4) is the effective resolvent

1
D= E A9 B

(50)
The last equality has been obtained by using the fol-
lowing identity in the limit as N — oo:
(A—B) '=A4"'4+ (A 'B)Y(A-B)! (51)
N-1
=Y (A 'BYA '+ (A 'BNA-B) L.
r=0

Comparing (49) and (36a) we obtain
0,0)=1+6G,HBW,() (52)
=1+ 3 (GO BV GO BIV() - (E,() - EO),
r=0

where G{°) is the resolvent defined in (20).
We now apply this operator on the unperturbed
eigenstate and use the relation B,|(*’» =0 to obtain

WaGD> = 140> + T CABPON IV (59
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This result can be rewritten as

a2 = ¥ + GO BV (A)|,(4)

A® Hermitian, (54)

“which is the starting point of the Brillouin-Wigner
method [5].

Note that the resolvent G'°) appears in the BW
method, while the resolvent é‘o’ emerges in the RS
method and in the present transformation operator
method — see general results (41) and (43) —. However,
notwithstanding the simplicity of the resolvent G\,
there is an implicit dependence of the unknown eigen-
value E,(4) in (41) and (43).

7. Born and Brillouin-Wigner Approximations
of Order R

So far, the equations obtained in the above sections
are exact. Now we can use the expansions (43) and (53)
to develop approximation methods. By definition, an
approximation of order R is the one that results of
truncating sums (43) or (53) to the first R terms. In the
following we will speak of Born (B) approximation of
order R or of Brillouin-Wigner (BW) approximation
of order R, depending on whether (43) or (53) respec-
tively, is used.

In the subsequent development we will restrict our
considerations to an Hermitian unperturbed operator
H®, which represents an observable. By using the de-
composition (29) for the unity operator, we find the
first order B and BW approximations to the nth eigen-
state:

V.
98 =10 + £ 19 wa"(ng (55)
¥y = w‘°’>+zxw‘°’>t—w(i‘L (56)

E®
The number one over the symbol ¢ labels the first
order approximation, and the superscript (B or W)
refers to Born and Brillouin-Wigner procedure, re-
spectively. In the above equations we have introduced
matrix elements

Vae(2) = QU VDY -
The above approximations are very similar to the one
of Rayleigh-Schrédinger — see (30) —, but with some
differences. In the RS approximation appears the first

order perturbation A, while in the B and W formu-
lae emerges the full perturbation V(4). Besides, (55)

(57)

D. Campos -

On The Time-independent Perturbation Theory

is calculated by using the unperturbed energies, while
(56) involves the yet unknown eigenvalue t,f"(i.).

By using the above equations and (23), we find the
first order Born and Brillouin-Wigner approxima-
tions for the eigenvalues of H(1):

V. (ADV. (A
P =
( Vk,.(/)

W) = E©
Ero=e0+v.i+ 3 ¢ o &
These two formulae are very similar except for the fact
that the perturbed energy EY (/) appears in the de-
nominator of (59) instead of the unperturbed energy
E'9. The first Born approximation is easier to use than
the first BW procedure, because there is no necessity
to solve an implicit equation for 15,’," (4).

The B and BW methods have good convergence
properties compared to those of the RS perturbation
theory. In the first order B and BW approximations,
for example, appear contributions that only emerge in
the second order RS procedure.

8. An Example: Yukawa Potential

In this section we consider as an example the
Hamiltonian

P

H(E.)=21—ﬂﬁ —Zé? 1exp(—»—) A9+ V), (60)

V)=V, i)=— Zﬁ[exp<—/ﬁ 1> -—1:| €,
r a

which describes an electron moving in a screened
Coulomb (Yukawa) potential. This Hamiltonian has
been used to study the energy levels of neutral atoms
with nuclear charge Z [9], using a screening parameter

1 2/3
;.:;.021/3<1—2> ’

where /, is taken to be 4,=0.98. The following quan-
tities will be used from now on: m, and p, are the mass
and the reduced mass of the electron in presence of the
nuclei of mass M, respectively, e is the charge of the
electron, a, is the unit of length, and ¢, the unit of
energy.

(61)

(62)

(63)



D. Campos -

The unperturbed system (4=0) is a hydrogen-like
atom which has bound eigenfunctions that satisfy the
eigenvalue equation

A®|nimy = E?|nlm),
(because of the degeneration, E{°} ,,=E\”)

with

2 2
E(O’——lés, s=&so -
2n m, ao He
where (n, [,m) are quantum numbers, and ¢ and a are
modified units of length and energy, respectively. The
eigenstates of H® are orthonormal,

(NLM|nlm) =y, 81 03m-

8.1 First Born Approximation

Our aim is to describe this system by applying the
first-order Born approximation. Using the change of
notation n—(n,l, m), we have

n—1 v
Bm=1-3% 3 Inl'm){nlm|,
'=som=-r
nlm (}“) :u?r)n + anm;nlm(;‘)
nlm NLM ('1) VNLM nlm (l)
64
*2.227 o-ry, °®

where the matrix elements of the perturbation P(4) —
as defined by (57) — are given by

VNLM;nIm('l) ={(NLM| V(l)lnlrn>

= rNL;nl(A) 0110mm (65)
with the definition
FNL; nl ()") := g r2 RNL (’1) V(r’ '1) Rnl (r) dr * (66)
For practical calculations, we note the relation
Ivpm(A)=—Zaeloy;m (1, 4) — onp;m(1,0)], (67)
where

onL:m(D;b) = Ir" exp<— b g) Ry (r) R, (r)dr,  (68)

p is an integer greater than —1 and b is a real param-
eter. Refer to appendix B for the calculation of this
quantity.

In conclusion in the first-order Born approximation
the energy is given by

) | Dot ()2
=EQ + I (A e 69
nlm (/) nim =+ nl,nl(/) + Ngn Ei,?,’,,—E}%’,,, ( )
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Elfo keV 2l0 40 60 80 Z
-20
-40
-60
-80 )
°

Fig. 1. Bound-state energy as a function of Z for the state
(1, 0 0). The solid line is the result of the first Born approxi-
mation by including in sum (69) the first ten values of the
principal quantum number N. The points represent experi-
mental data [10].

Epgo keV

20 40 60 80

-10

=15

Fig. 2. Bound-state energy as a function of Z for the state
(2,0,0). Solid line and points have the same meanings as in
Figure 1.

-4 -

Fig. 3. Bound-state energies as a function of Z for the state
(3,0,0). Solid line and points have the same meanings as in
Figure 1.
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where we have used the identity V.. yim(4) = Vyim: nim (4)
and the sum is over the principal quantum number,
N #n.

8.2 Results within the First Born Approximation

The Figs. 1,2, and 3 show the results for the energies
of neutral atoms corresponding to the states (1,0,0),
(2,0,0) and (3,0, 0). We have included in sum (69) only
the first ten values of the quantum principal number
N. The results are compared with the experimental
values reported by Bearden and Burr [10]. Theory and
experiment show an outstanding concordance for the
K- and L-shell binding energies. There is a small devi-
ation though, for our predictions for heavy atoms.

In the case of the state (3, 0,0) the theoretical values
exceed the experimental energy in the whole range of
Z, and they also show an anomaly for low values of
the atomic number Z (Z <26), since the calculated
eigenvalues become positive. These facts indicate that
the screening parameter A(Z) given by (63) is inade-
quate for higher values of the principal quantum num-
ber and that for excited states one should choose the
screening parameter 4,(Z) that depends on Z and on
the principal quantum number n. In particular, if we
set 4,=0.67 for Z=17 and retain the functional de-
pendence (63), we can approach the experimental
value of —0.0175keV. However, this choice of 4, is
unable to reproduce the experimental values of the
energy for other values of Z.

9. Conclusion

In this paper we have formulated the time-indepen-
dent perturbation theory in a general way, without re-
stricting it to Hermitian operators or first-order pertur-
bations. By appropriate formal manipulations, it has
been possible to transform the Rayleigh-Schrodinger
perturbation theory into the Brillouin-Wigner proce-
dure. We have also develop a method directly related
to the canonical transformations procedure of Davy-
dov [3], introducing an operator U,(4) that connects
the nth perturbed and the nth unperturbed eigenstate
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of the Hamiltonian H (/). Unlike Davydov, we do not
restrict U, (4) to be a unitary operator. The perturbed
eigenstate satisfies a Lippmann-Schwinger type equa-
tion. Hence it has been possible to introduce an itera-
tive method named Born approximation.

Unlike the method described in the presence paper,
the older derivation of the BW method proceeded
directly from the eigenvalue equation (3) without any
reference to the Rayleigh-Schrodinger solution. We
have shown that the Brillouin-Wigner method and the
Born approximation are obtained as a consequence of
the introduction of the projector P, and by a suitable
reordering of the Rayleigh-Schrodinger expansion.

In the standard Rayleigh-Schrodinger perturbation
theory the nondegenerate and the degenerate cases in
an unperturbed system must be treated separately.
The results of the present paper are valid in both cases
because of the introduction of the projector P, and of
the fact that the unperturbed eigenket |{”) is a linear
combination of g-fold-degenerate eigenkets. In partic-
ular, we may choose all coefficients in (10) as zero,
except for one that must be chosen as one, in order to
iterate the Lippmann-Schwinger equation by starting
with the state [O) =|y 9>,

We have applied as an example, the first Born ap-
proximation to study the energy levels of neutral
atoms with nuclear charge Z, by using a Yukawa po-
tential. The concordance of the theoretical and exper-
imental results is excellent for n=1 and n=2, where n
is the principal quantum number. The discrepancies
for n=3 are due to the choice of the screening param-
eter and are not related to the application of the first
Born approximation.

At this point, it is worthwhile noting [11] that an
expansion of the form

Vir,A) = — gél V,(Ar)

may be used to fit realistic numerical potentials such
as the Hermann-Skillman or Hartree-Fock potentials,
by choosing suitable coefficients V,. The treatment
developed in the present paper for the hydrogen-like
potential requires only a few adaptations to be applied
in this general case.
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Appendix A

Let us consider a set of (real or complex) numbers
arrayed in the form

A(N, M)
AN+1,M) AN+1,M+1)

AN+2,M) AIN+2,M+1) A(N+2,M+2)

AN+3M) AN+3,M+1) AN+3,M+2) AN+3,M+3).

A(n,m) is a function of two discrete variables, n=N,
N+1,N+2,N+3,..,00om=M+1,M+2, M+3,...,
oo, and N and M are predetermined integers.
By summation of these numbers, we obtain the
identity
o M-N+n

2 X Amm=

n=N m=M

o o ]

> Y Amn+m—M,m), (A1)
m=M n=N
where in one case we sum over columns and in the
other over rows. We assume that the double sum con-
verges, regardless of the order in which it is performed.
Suitably renaming indices, this identity can be rewrit-
ten as

© © o K-M+m
> XY Am+k—K k=Y Y Amk), (A2
k=K m=M m=M k=K
where K is a predetermined integer.

Now, it is possible to prove the equivalence of (13)
and (14), which are fundamental in the present paper.
By applying in (13) the change of indices m=k + I, with
k fixed, (13) becomes

/’{m+k-—k(ﬁ(k)_E(k))|w;’"+"_2k)>=0, (A3)

M8
M8

k=0 m=k

where, for convenience, we have written |=m—k=
m+k—2k, m=m+k—k. Comparing (A3) and (A2) we
identify that K=0, M =k and

Am+k—K, k)= ;Lm+k—k(ﬁ(k)_E£lk))|l//(m+k—2k).

Thus, (A3) may be expressed in the form

i mik /:m—k(ﬁ(k)_E(k))h/l(m—Zk)> =0.

m=k k=0 & -
Finally, by introducing the change of indices M=
m—k with k fixed, this equation may be rewritten as
the desired equation (14).
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Appendix B

In this appendix we want to evaluate the quantity
OnLm(psb), defined by (68), where p is an integer
greater than — 1, and b is a real parameter. To do this,
we make use of the hydrogen-like radial wave func-
tions,

Zr
R, (r)= N;.ICXP<_ s

Zr\ Z
~<2— 1) LZ,,'_*,‘_1<2— 1),
na na

where the normalization coefficients N,; and the La-
guerre polynomials L% (x) are given by

(B1)

_(22\7) fn=1=1)!
n- () Ve 5
L) = ¥ Dik)x*, (B3)
k=0
with
D:(k):=(—1)" IF'n+o+1) 1 (B4)

Fk+a+1) K(n—k)!"

The above relations and the integral

T r'n+1
grnexp(—yr)dr=;':—“), forn>—1 (BYS)
lead to
Z \L Z\!N-L-1n-1-1
QNL;nl(pvb)=NNLN,.1 <2 N_> <2— > >
a na K=0 k=0

Z\K( Z\
DL (K) DL (k) (2 —) (2 —>

Na na
g (B6)
where
Tanlb) = (b + 2+ f) ! (87)

is an auxiliary parameter.
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